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Abstract. In this paper we prove a relative index theorem for pairs of generalized Dirac operators on orbifolds 
which are the same at infinity. This generalizes to orbifolds a celebrated theorem of Gromov and Lawson. 
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■ 0. Introduction. 

• Orbifolds, generalized manifolds that are locally the quotient of an euclidean space modulo a finite 

group of isometries, were first introduced by Satake. In the late seventies, Kawasaki proved an orbifold 
signature formula, together with more general index formulas, see [Kwl], [Kw2], [Kw3]. In [Fal] we proved a 
i^-theoretical index theorem for orbifolds with operator algebraic means, and in [Fa2] and [Fa3] we studied 
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compact orbifold spectral theory and defined orbifold eta invariants. Other orbifold index formulas were 
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proved in [Du], [V]. In [Ch] Chiang studied compact orbifold heat kernels and harmonic maps, while in 
[Stan] , Stanhope established some interesting geometrical applications of orbifold spectral theory. 

In [Fa4] we continued our orbifold spectral analysis started with [Fa2] and [Fa3] . In particular we showed 
that on a non-compact complete almost complex Spin c orbifold which is sufficiently regular at infinity (see 
Definition 2.1), generalized Dirac operators are closed. This generalizes to orbifolds theorems of Gaffncy 
[Gnl], Yau [Y], and Wolf [W] for the manifold case. We also proved an orbifold Divergence/Stokes Theorem. 



5— i 

Here we will use the results we proved in [Fa4] to establish an orbifold Gromov-Lawson, [GL], relative 
index theorem for non-compact complete almost complex Spin c orbifolds which are sufficiently good at 
infinity (see the definition right before the statement of Theorem 3.5). Further generalizations to orbifolds 
of theorems in the spirit of the main result in [Anl] , [An2] will be considered in a later paper, [Fa5] , together 
with an analytic proof of the cobordism invariance of the index. We will also plan on investigating the 
question of whether every open complete orbifold is sufficiently good at infinity, which we suspect has a 
negative answer. 
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The relative index theorem applies to pairs of + generalized Dirac operators which agree at infinity. 
The topological index of such a pair is defined to be the difference of the index of two natural extensions 
of the given operators to closed manifolds, see Definition 4.1. Kawasaki's theorems for closed orbifolds 
makes possible to express the pair topological index via local traces and orbifold characteristic classes. The 
topological index is calculated by using pairs of parametrices that agree at infinity, c.f. Theorem 4.4. 

The analytical index of a + generalized Dirac operator, proved to be finite in Section 3, is defined, 
classically, to be the dimension of the kernel minus the dimension of the cokernel. The analytical index of a 
pair is defined to be the difference of the analytical indices of the pair's constituents, see Definition 3.6. 

Our main result is Theorem 6.2, which asserts the equality of the analytical and topological indices of 
a pair of generalized Dirac operators that agree at infinity, which generalizes to orbifolds the main theorem 
of [GL]. 

Theorem 6.2. Let X be an even-dimensional non-compact complete almost complex Hermitian Spin c 
orbifold which is sufficiently good at infinity. Assume that a Hermitian connection is chosen on the dual of 
its canonical line bundle. Let Di and Df be the generalized Dirac operators on X with coefficients in the 
proper Hermitian orbibundle Ei (with connection V Ei ), i = 1,2. Suppose that D\ = D 2 in a neighborhood 
f2 of infinity. Assume that there exists a constant ko > such that 

1Z> k Id on 0, 

where TZ is given as in Proposition 2.8. Then the topological index (as in Definition 4-1) and the analytical 
index (as in Definition 3.6) of the pair (DfjD^) coincide, that is 

ind t (D+,D+) = ind a (D+,D+) 

Our proof is a generalization to orbifolds of the argument given for manifolds by Gromov and Lawson 
in [GL]. New techniques are mainly introduced to deal with orbifold distance functions. 

More in detail, the contents of this paper are as follows. In Section 1 we recall the definition of orbifold, 
orbibundlcs, and introduce orbifold generalized Dirac operators. In Section 2 we recall properties of gener- 
alized Dirac operators on non-compact orbifolds from [Fa4]. In Section 3 we prove that generalized Dirac 
operators (on complete sufficiently regular orbifolds) which are positive at infinity, have finite dimensional 
kernels and cokcrncls. By using these results we can thus define the analytical index of a pair of general- 
ized Dirac operators that agree at infinity as the difference of their analytical indices, see Definition 3.6. 
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In Section 4 we define the pair topological index by using a gluing technique and characterize it by using 
Kawasaki's index theorem for closed orbifolds, see Definition 4.1 and Theorem 4.2. In Theorem 4.4 we show 
how to compute the pair topological index by using parametrices that agree at infinity. Section 5 is devoted 
to detailing some local properties of traces of generalized Dirac operators. Finally, in Section 6 we state and 
prove our main result, the orbifold relative index theorem. 

In the sequel, all orbifolds and manifolds are assumed to be even dimensional, smooth, Hermitian, Spin , 
connected, and almost complex unless otherwise specified. All vector and orbibundles are assumed to be 
smooth and proper. We also assume that all of our orbifolds/manifolds are endowed with a fixed connection 
on the dual of their canonical line bundle K * . This allows us to define a 'canonical' Spin Dirac operator 
and, given an Hermitian orbibundle E endowed with a connection, the 'canonical' Spin Dirac operator with 
coefficients in E. Both of these operators depend, in the Spin case, on the choice of the selected connections, 
see [Du; Chapter 14], and [LM; Appendix D]. For the Spin or complex case, the choice of the connection on 
K* is canonical. 

I would like to thank the sabbatical program of the University of Colorado /Boulder, and the Mathematics 
Department of the University of Florence, Italy, for their warm hospitality during the period this paper was 
written. I would also like to thank the referee of pointing out the incorrect formulations of some of our 
results, and for his/her suggestions. 

1. Orbifolds, Orbibundles and Dirac Operators. 

In this section we will review some definitions and results that we will use throughout this paper. For 
generalities on orbifolds and operators on orbifolds, see [Kwl], [Kw2], [Kw3], [Ch], [Du]. 

An orbifold is a Hausdorff second countable topological space X together with an atlas of charts U = 
{(Ui,Gi)\i G I}, with Ui/Gi — U; L open and with projection 7Tj : £7j — > Uj, i £ I, satisfying the following 
properties 

(1) If two charts U\ and [/ 2 associated to pairs {U\,G\), (t^G^) of U, are such that U\ C £/ 2 , then 
there exists a smooth open embedding A: U\ — * U 2 and a homomorphism u: G\ — ► G2 such that 
7Ti = 7r 2 o A and A o 7 = ^(7) o A, V7 £ G\. 

(2) The collection of the open charts Ui, i £ I, belonging to the atlas U forms a basis for the topology 
on X. 
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We will call an orbifold atlas as above a standard orbifold atlas. 

For any x point of X, the isotropy G x of a; is well defined, up to conjugacy, by using any local coordinate 
chart. The set of all points x G X with non-trivial stabilizer, T,(X), is called the singular locus of X. T,(X) 
is a set of codimension at least 2, see e.g. [Ch]. Note that X — T,(X) is a manifold. 

If we now endow X with a countable locally finite orbifold atlas T, T = {(Ui,Gi)\i G N}, then by 
standard theory there exists a smooth partition of unity i] — {r]i}ieN subordinated to T ' , [Ch]. This in 
particular means that, for any i G N, r\i is a smooth function on Ui (i.e., its lift to any chart of a standard 
orbifold atlas is smooth), the support of r\i is included in an open subset U[ of Ui, and \JU- = X. We will 
call any r\ as above an ^-partition of unity. 

Let E be an Hcrmitian orbibundlc (with connection V B ) over the orbifold X. (For the precise definition 
see [Kwl], [Kw2], [Kw3], [Ch].) In particular E is an orbifold in its own right; on an orbifold chart U\ 
associated to a pair (Ui,G\) of a standard orbifold atlas U = {(Ui,Gi)\i G /} of X, E lifts to a G\- 
equivariant bundle. Standard orbifold atlases on X can be used to provide standard orbifold atlases on 
E. 

If E is an orbibundle over the orbifold X, a section s : X — > E is called a smooth orbifold section if for 
each chart Ui associated to a pair (Ui, Gi) of a standard orbifold atlas U = {{Ui, Gi)\i G /} of X, we have 
that s\ui '■ Ui — > E\u i is covered by a smooth G^-invariant section s\fj : Ui — > E\u t - Given an orbibundlc 
E over X, we will denote by C oc (X, E) the space of all smooth sections of E, and by C%°(X,E) the space 
of all smooth sections with compact support. Classical orbibundlcs over X are the tangent bundle TX, and 
the cotangent bundle T*X of X. We can form orbibundle tensor products by taking the tensor products of 
their local expressions in the charts of a standard orbifold atlas. 

Define an inner product between sections of C°°(X, E) (or C^°(X,E)) by a the following formula (c.f., 
[Ch; 2.2a] 

+oo . 

(0-1,02) = y~] r-q- I fji(xi) < ai(xi),a 2 (xi) > dv(xi), 

l=1 M Ju t 

where r\ — \r]i\i^%, is a JF-partition of unity subordinated to the locally finite orbifold cover T = {(Ui, Gi)\i G 
N}, and <, > is a G—invariant product on E. (Note that, with slight abuse of notation, we used ~ to denote 
lift to Ui.) 

We will now review the construction of the generalized Dirac operator with coefficients in an Hcrmitian 
orbibundle E (with connection V E ) over a (compact or not) orbifold X, see [Du; Sections 5 and 12], [Kw2], 
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[BGV], and [LM; Appendix D] in the manifold case. First of all, X admits a Spin c -principal tangent 
orbibundle, Spin c (TX), with, in our hypotheses, a canonical Spin c orbifold connection V c . Let A ±,c be the 
half Spin c representations (recall that the X is even dimensional). Then we have two orbibundles 

A±' C (TX) = Spm c {TX) x Spin , A ± ' c , 

with induced connections V ± ' c , from V c ; V ±,c : C™(X, A*> C (TX)) -» C^{X,T*X <g> A*> C (TX)). 
The Clifford module structure on A ± ^ c defines Clifford multiplications 

m± : TX ® R A ±,C (TX) -» A^^ C (TX) 

Then the generalized ± Dirac operator with coefficients in E, d^' c , 

4' c : C?(X, A^ C (TX) ® c E) - C?(X, A^ C (TX) ® c E) 

is defined by 

4' c = M o (V ±,c ®Id + Id® W E ) , 

where M denotes the map induced by Clifford multiplication and TX has been identified with T*X via the 
orbifold metric. We will also use the notation S for the orbifold Spin bundle (A + ' c © A~' C )(TX), and S®E 
or £ for (A+' c ® A~' C )(TX) ®c E. We will define De, the generalized Dirac operator on X with coefficient 
in E, to be {d%' c + d E ' c ). 

2. Dirac Operators on Non Compact Complete Orbifolds. 

On an orbifold X satisfying our hypotheses (but not necessarily compact), the generalized Dirac operator 
De with coefficients in the orbibundle E, as defined in the Section 1, is given by 

D E : C?(X, (A+' c A-- C )(TX) ® c E) -» C C °°(X, (A~< c A+- C ){TX) (g> c E) 

D E = Mo ((V+' c + V~< c ) ®Id + Id® V s ) . 

On orbifold charts, De has the following local expression De- Let U — {(Ui, Gi)\i e /}, with Ui/Gi = Ui 
be a standard orbifold atlas. On a local chart Ui, i € I fixed, we have 

A^ C (TU) = Spin^TUi) x Spin c A±< c , 
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with induced G^-invariant connections V ±,c , from V c . The Clifford module structure on A ±,c defines Clifford 
multiplications 

m± : TU t ® R ^ c {TUi) -» A^- c (TUi). 

On E, the lift of -E 1 , we have the G—invariant connection V B . Then the generalized ± Dirac operators with 
coefficients in E, d^' c , 

d%' c : Cf{Ui, A^ c (TU t ) ® c E) -> C c °°(&, A^ C (T^) ® c £) 

is given by 

J|' c = M o (v ±,c ®Id + Id(g> V^) , 

where M is induced by Clifford multiplication and TUi has been identified with T*Ui via the G—invariant 
metric. Also, De, the generalized Dirac operator on X with coefficient in E, is given by d^ c + d~^ c on 

If ei, . . . , e„ is an orthonormal local basis for the space TUi at a point x, then De has local expression 

n 

fe=i 

where 

V B = (V+< c + V-' c ) ® I + 1 ® V*. 

In analogy with the manifold case, see [GL], [W], [Gnl], [LM], [Y], one can show that De is symmetric, 
whenever X sufficiently regular at infinity. 

Definition 2.1. Let X be a non-compact complete orbifold. Then we say that X is sufficiently regular at 
infinity if, for any neighborhood O C X of infinity, there exists a compact domain Kq with boundary strictly 
included in fi, on which the Divergence and Stokes Theorems hold. 

For a compact orbifold without boundary, the Divergence Theorem holds, [Ch]. See also [C] for other 
results. Sufficient regularity also holds in the case of a product end, by an adaptation of Chiang's method, 
see [Ch]. In general, ours seems to be a very reasonable assumption to make, which will be certainly satisfied 
in many cases of interest. For Sobolev inequalities of Gallot type involving domains, see [N]. 

Theorem 2.2 [Fa4; Theorem 2.2]. Let X be a non-compact complete orbifold which is sufficiently regular 
at infinity, and let E be a Hermitian orbibundle over X . Let De be the generalized Dirac operator with 
coefficients in E, as defined above. Then De is symmetric, i.e., 

(D E a u a 2 ) = {g x ,D e o 2 ), Va u a 2 e C™(X,S ® c E), 
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where (, ) denotes the inner product defined in the introduction. (Actually, to obtain the above equality, it is 
enough to assume that only one of the sections a\, i = 1,2 has compact support.) 

Now complete the space C£°(X, £), £ = S ®c E, S Spin c -bund\e on X, E Hcrmitian orbibundle (with 
connection V E ) over X, with respect to the norm 

\W\\x = V< ° > = (^2 |^| J- <^i(xi),a 2 (xi)> dv(xi)^j . 

We thus obtain the £ 2 -space £ 2 (X, £). The generalized Dirac operator 

has two natural extensions, min and max, see [Fa4], as an unbounded operator 

De ■ £ 2 (X,£) — > C 2 (X,£). 

Theorem 2.3 [Fa4; Theorem 3.1]. Let X be a non-compact complete orbifold which is sufficiently regular 
at infinity, and let E be a Hermitian orbibundle (with connection \7 E ) over X, and let De be the general- 
ized Dirac operator with coefficients in E. Let T>(D^ IN ) be the domain of the min extension of De, and 
V(Dg AX ) be the domain of the max extension of D E . Then 

V(D E IIN )=V(D E IAX ). 

The following very useful proposition was proved in [Fa4]; it is a generalization of results proved by 
Gaffney and Yau for manifolds, see [Gn2] , [Y] . 

Proposition 2.4 [Fa4; Proposition 3.4]. Let X be a non-compact complete orbifold which is sufficiently 
regular at infinity, and let f/o£l - S(Y) be a fixed point of X. Then there exists a sequence of continuous 
functions bk, k G N, with 

(1) b k : X —> [0, 1] 

(2) b k = 1 on B k = {y E X\p{y) = d(y,y ) < k}. 

(3) The support of b k is contained in £?2fc- 

(4) The function b k is differentiable almost everywhere and at points of differentiability we have 

M 2 

||V(6 fe )|| 2 <— , keN 
In [Fa4] we also proved the following results. 
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Theorem 2.5 [Fa4; Theorem 4.1]. Let X be non-comapct complete orbifold which is sufficiently regular 
at infinity, and let E be a Hermitian orbibundle (with connection V E ) over X. Let 

D E :C™(X,£)^C™(X,£), 

be the generalized Dirac operator on X with coefficients in E. Then De{o~) — if and only if D 2 E (o) = for 
any a e V{De). 

Proposition 2.6 [Fa4; Proposition 6.1]. Let X be a non- compact complete Spin orbifold which is 
sufficiently regular at infinity, and let S be the Spin bundle of X . Then for any two sections aj, j = 1, 2 in 
C°°(X,S), at least one of which with compact support, we have 

/ < Acti, n 2 >dv= I <Vai,Va 2 >dv 
Jx Jx 

Proposition 2.7 [Fa4; Proposition 6.3]. Let X be an orbifold. Let D be the Dirac operator on X, and 
let A be the Spin Laplacian. Then 

D 2 = A + K 

where 1Z is given below (c.f. [Du; Theorem 6.1], [LM; Theorem D 12] for the manifold case), 

K = - A k + l -c{K*), 

where k is the scalar curvature, and c(K*) denotes the Clifford multiplication of the curvature 2form of the 
fixed connection on the line bundle K* . 

When De is the generalized Dirac operators on X with coefficients in the proper Hermitian orbibundle 
(with connection V E ) E, then the formulas above become 

D% = A E + K El 

K E = \k + l -c(K*)+c{E) 1 

where c(E) is the Clifford multiplication of the curvature 2form of the fixed connection V E on E. When X 
is Spin, we can assume that c(K*) = c(E) = 0, and TZe = A^ + \k. 

Theorem 2.8 [Fa4; Theorem 6.4]. Let X be a complete, non-compact, Spin orbifold which is sufficiently 
regular at infinity. If D is the Dirac operator on X with coefficients in the Spin bundle S, then the domain 
V of the unique self-adjoint extension of D is exactly 

C h2 (X,S), that is, 
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the completion ofC^°(X,S) in the norm 

Iklll = / (< cr, cr > + < V(T, Vcr >)rfu = / (< (7, er > + < A CT , a >) dv 
Jx Jx 

Moreover, for every a G T>, 

\\Da\\ 2 x = \\Wa\\ 2 x + (TZa,a), 

where || ||y denotes the C 2 {Y,£), Y C X, norm, 1Z is is given as in Proposition 2.7, and (,) the C 2 inner 
product. 

3. Dirac Operators and Green's Operators. 

As pointed out by Agmon in [A; Section 6], Friedrichs' Lemma is a local result. Hence we can also 
assume it holds for orbifolds. (This follows from the local version of the manifold lemma applied to covers 
of orbifold charts of a locally finite orbifold cover.) 

Theorem 3.1 (Friedrichs' Lemma for Orbifolds). Let X be an orbifold. Let S be the Spin bundle of 
X, and let D be the Dirac operator on X , D : C^°(X,S) — > C£°(X,S). Let Q be an open set in X and let K 
be a compact subset of ft. Let k G N. Then there exists a constant C, depending only on K, £1, and k, such 
that, for any a G C^°(X, S\n) with Da = 0, we have 

\\o-\\c k ,K < C\W\\c 2 (n,s), 
where || ||c fc ,K « s the uniform C k norm for sections on K. 

Proof. See [GL; Theorem 3.7] for the manifold case. Endow X with a countable locally finite orbifold atlas 
T , T — {(Ui, Gi)\i € N}, with associated partition of unity w — {r/ij-jgN subordinated to T [Ch]. Suppose 
that Ui n K 7^ for only i = 1, . . . ,£. We can also choose our atlas so that uf =1 C/j C fl Then by the 
manifold local version of Friedricks' Lemma [A; Section 6], modulo multiplication by i = 1, . . . ,£, we 
obtain the claim. □ 

We can now prove that Dirac operators which are positive at infinity, have finite dimensional kernels 
and cokernels. 

Theorem 3.2. Let X be a non-compact complete orbifold which is sufficiently regular at infinity. Let S 
be the Spin bundle of X , and let D be the Dirac operator on X , D : C^°(X,S) — > C^°(X, S). Assume that 
there exists a compact subset K of X such that 

U>k Q Ld 
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in X — K, where 1Z is given as in Proposition 2.7. Then there exists an integer d depending only on D on 
a neighborhood of K and on k , such that 

dim (KerD) < d. 

In particular, if the dimension of X is even, and D = D + ® D~ (see Section 1), then 

dim (KerD + ) + dim (KerD~) < d. 

Proof. Since K is compact, there exists a fci > such that k\Id > —TZ in K. Now let a £ £ 2 (X,S), with 
Da = 0. Firstly, a G C°°{X, S), since since solutions of elliptic equations on manifolds are smooth by a local 
argument. Then by Propositions 2.6 and 2.7, we have, for a with compact support, 

\\Wa\\ 2 x + (TZa,a)=0, 

where || \\y, Y C X, is the C 2 (Y, S) norm. Since 1Z > ko on X — K, we have 



\\Va\\ 2 x + I 
Jk 



<TZcr,cr> +k I \\o-\\ 2 < 0. 

X-K 



Therefore, 

\\V<7\\x + ko\W\\x-K< \H 2 K- 

We now make the assumption ||er||^ = \\o-\\ 2 K + \\o-\\x_ K = 1. By adding fco||c|||; to both sides, and 
dividing by fco + k\ , the above inequality becomes 

(3.1) IIV^Hx , k ^ 2 

ko + ki k + k\ ~ K 

Fix a neighborhood f2 of K and let C be the constant appearing in Theorem 3.1 for k = 1. Fix e > and an 
e dense subset {x s } s =i,...,c2 of K so that every point in K is within distance e of some x s . Let H =Ker(D) 
on £ 2 (X,S) and suppose by contradiction that dim(_ff) > d. Then there exists a € H such that \\cr\\x = 1, 
and o~(x s ) = 0, s = 1, . . . , q. By Theorem 3.1, applied to K and f2, and the Mean Value Theorem applied 
on lifts of orbifold charts, we have 

\\a{x)\\ < sup K \\V(a)\\ e < C ||cr|| e. 

But this contradicts (3.1). (Note that we can assume that a has compact support since we are only interested 
in behavior near K .) □ 

By applying Glazman's variational lemma below, see [Ku; Proposition 3.4] or [Sh], we can obtain 
information on the spectrum of the Dirac operator. 
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Proposition 3.3. Let A be a self-adjoint Hilbert operator that is semi-bounded from below. Let Nh(\) denote 
the number of eigenvalues in (—00, A], with multiplicity, and counting points of the continuous spectrum as 
points with infinite multiplicity. Then 

Nh{ty — sup H dimH, 
where the supremum is taken over all the subspaces H which are such that 

< Ah, h><<h,h>,\fhe H. 

Corollary 3.4. Let X, D, and S be as in Theorem 3.2. Then D 2 , and consequently D, have essential 
spectrum separated from 0. 

We will now show that Dirac operators admit Green's operators, c.f. [GL; Theorem 3.7], and [Ku; 
Proposition 3.3 and 3.4] for the manifold case. We assume here that the orbifold X is sufficiently good 
at infinity. This means that, for any neighborhood of infinity ft, we can chop off X along an orbifold 
hypersurface, On, which is the boundary of a neighborhood of infinity included in ft. We also assume that 
Vl is of product type near Oq 

Theorem 3.5. Let X be a non-compact complete Spin orbifold which is sufficiently good at infinity. Let 
S be the Spin c bundle of X, and let D be the Dirac operator on X, D : C^ C (X,S) — > C^°(X,S). Assume that 
there exists a compact subset K such that 

TZ>k Q Id 

on X — K, where 1Z is given as in Proposition 2.7. Assume that H is the finite-dimensional kernel of D on 
C 2 {X,S), and let H 1 ^ be its orthogonal complement. Then there is a a > such that 

\\Daf x >a 2 \\a\\ 2 x ^a&H^. 

Thus the operator D, and also, since X is even- dimensional, the operator D ± , admits bounded Green's 
operators. 

Proof. (C.f. [GL; Proof of Theorem 3.7] and [Ku; 3.3 and 3.4].) First, we claim that D has only point 
spectrum. This is proved by the same argument used in [Ku; 3.3.]. Note that Kucerovsky's proof works 
verbatim in the orbifold case too, since Rellich's lemma applies in the sufficiently good case (in fact, one can 
double the domain to get an orbifold, and then apply Rellich's Lemma for closed orbifolds proved in [Fa2]). 
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Now, let E\ be the A-eigenspace of D on £ 2 (X, S) with eigenvalue A. It will suffice to prove that there exists 
an a > such that the space 

H a = ®\\\< a E a 

is finite-dimensional. We will now proceed as in the proof of Theorem 3.2. By Theorem 2.8, we have 

(D 2 a,a) - (Ra,a) - \\Va\\ 2 x = 0, Vct e V{D). 
Hence, for ct e H ai Da = Act, with |A| < a, so we get 

\ 2 \\a\\\-{Ka,a)-\\Va\\ 2 x =Q. 
Since for some ki e K, —TZ > kild on K, we have that, for any ct e H a , 

^ 2 |kllx+ / h < a,<r > dv > / <K<j,<j > dv + \\\7<j\\ 2 x 

JK JX-K 

As k € R is such that fco Id < 1Z on X — K, we get 

A 2 NII + h\\a\\ 2 K > k \\a\\ x _ K + \\Va\\ x , Vct e H a . 

Now replace \\a\\ 2 x _ K by \\a\\ 2 x - \\a\\ 2 K to get, 

A 2 |Mlx + fciHx > fcodklli - \W\\ 2 K ) + I|Vct|||, Vct e H a , 

A 2 |kHx + (fco + fci)|M& > fcolklll + ||Vct|||, Vct e ct e H a . 
Because ct e |A| < a, and so A 2 < a 2 , which implies 

(fc + h)\\a\\ 2 K > (k - a 2 )\\a\\ 2 x + \\V<j\\ 2 x , Vct e H a . 

If we choose a > such that a 2 « fco, we have 

(3-2) *Ll£ < H* Vff e tf a . 



Now choose a parametrix Q for D, [Kw2], so that QD = Id — T, with T smoothing. Let p denote the 
restriction to K, and let T = poT. Then for any ct e H ai we have 

Tct = pa — pQDa. 
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Moreover, for any a e H a , \\Da\\x < a|Mlx- Set q = \\Q\\; from (3.2) we get, 

\\fa\\ x > \\pa\\x-aq\\a\\ x > - aq)\\a\\ x , V<7 € H a , 

where a\ = ^""^ . Choosing a sufficiently small, HTVtHx > c^lMIx, Vc e H a . Therefore H a is finite- 
dimensional since T is a compact operator. □ 

We will now define the analytical index of a pair of generalized Dirac operators that agree at infinity, 
thus generalizing a construction of Gromov and Lawson. We start with a non-compact complete orbifold 
which is sufficiently good at infinity. Let Di and Df be the generalized Dirac operators on the orbifold X 
with coefficients in the Hermitian orbibundlc Ei (with connection V s *), i = 1,2 Suppose that D\ = D 2 in 
a neighborhood SI of infinity. Assume that there exists a constant fco > such that 

1Z > hold on ft. 

Then we know from Theorem 3.2 that kcr(Df) < +00. Thus the analytical index, of Df, dimension of 
kernel minus dimension of cokernel, is finite, i.e., ind a (Df ) < +00, i = 1,2. 

Definition 3.6. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Let , 
Ei, i — 1,2 be generalized Dirac operators, with coefficients in the Hermitian orbibundles Ei (with connection 
V Ei ), that agree on a neighborhood of infinity ft. Then we define the analytical index, ind a (D^ ,£>^), of the 
pair (D^ , D2) to be 

ind a (D+,D+) = md a (D+) - ind a (D+), 

where ind a {Df), is the analytical index, dimension of kernel minus dimension of cokernel, of Df , i = 1,2, 
see Theorem 3.2. 

4. The Topological Index. 

We will define here the topological index of a pair of generalized Dirac operators that agree at infinity, 
thus generalizing a construction of Gromov and Lawson, [GL]. We start with a non-compact complete 
orbifold X which is sufficiently regular at infinity. 

Let Di and Df be the generalized Dirac operators on X with coefficients in the Hermitian orbibundlc 
Ei (with connection V Bi ), i — 1,2. Suppose that D x = D 2 in a neighborhood of infinity. 

We assume here that the orbifold X is sufficiently good at infinity. Recall that this means that, for any 
neighborhood of infinity fl, we can chop off X along an orbifold hypcrsurface, Oq, which is the boundary of 
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a neighborhood of infinity included in fl We also assume that the orbifold structure of X is of product type 
in a neighborhood of On. Note that sufficiently good at infinity implies sufficiently regular at infinity. 

Chop off X along an hypersurface O, with D\ = D2 on the neighborhood of infinity of which O is 
boundary. Glue in an orbifold along O, so that the resulting space is a closed orbifold W. (This can be 
achieved, for example, by gluing another copy of the chopped off orbifold along O). We can assume that 
E\ = E2 on a neighborhood of O. Extend Ei to W, and call Ei this extension, i = 1,2. We can assume that 
on the glued in part, E\ = E 2 . Let L>i and t>f be the generalized Dirac operators on W with coefficients in 
Ei, i = 1,2. Define the topological index of the pair (D^D^) by 

Definition 4.1. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Let Ei, D i} 
, Ei, , i = 1,2 be as above. Then we define the topological index, ind t {D^ , D^ ), of the pair (D^ ,D 2 ) 
to be 

ind t (D+,D+) =ind t (D+) -ind t (D+), 

where ind t (L)f), i — 1,2 is the topological index of Kawasaki of the operator Df on the closed orbifold W, 
i=l,2, [Kw2], [Kw3]. 

We will now give an explicit local description of the above index by using Kawasaki's formulas, see 
[Kw2], [Kw3], [Du], [V]. Let U = {(U i ,G l )\i G /}, with Ui/d = U l and projection 7r 4 : U l -» U u be a 
standard orbifold atlas of W. Now Uf , the set of points fixed by g in Ui, for any g e d, admits the action 
of the ccntralizcr Za^g) of g in Gi. If g and g 1 are conjugate in Gi, then Uf and Uf are diffemorphic via 
some element h in Gi, with g' — hgh^ 1 . So we can consider only one element for each conjugacy class in Gi. 
For each point x £ W, let (1), . . . , {h?*) be all the conjugacy classes of the stabilizer G x of x. Then we have 
a natural associated orbifold, [Kw3], 

tW = {(y, (hi)) \yeW,Gy^l,j = 2,...,p y }. 

SW is stratified by orbit types; define 

~tw — WU tw. 

For short, we can rewrite f^W as 

tw = Y[^w, 

1=1 

where T}W — W, and so Ts> W is the stratum corresponding to the j-th orbit type, j — 1, . . . , i. In general, 
the action of Zq^ (h) on U£ is not effective. The order of the subgroup of Zq x (h) that acts trivially is called 
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the multiplicity of f^W at (x,h), and it is denoted by m (i € If and h e G x ). Hence to each connected 
component of T,W we assign a certain constant multiplicity. The following theorem, the index theorem 
for generalized Dirac operators on closed orbifolds, was proved by Kawasaki in [Kwl], [Kw2]; see also [Du; 
Theorem 14.1], [BGV] , [V]. 

Theorem 4.2 [Kw2], [Du]. Let W be a closed orbifold. Let E be a Hermitian orbibundle (with connection 
\7 E ) on W and let Df be a generalized Dirac operator with coefficients in E. Then the (topological and 
analytical) index of Df on W is given in terms of local traces by 




where d/j^l is the density on j-th stratum oft\V associated (via parametrices) to the operator Df, and rrij 

E 

is the corresponding multiplicity function, j — 1, . . . ,£. (For simplicity's sake, we assumed all the strata to 
be connected; in the general case there will be an additional summation over the connected components of 
the strata.) 

Remark 4.3. For another formulation of Theorem 4-2 in terms of orbifold characteristic classes, see [Kw3]. 

We will now use Theorem 4.2 to compute the topological index of a pair of generalized Dirac operators 
on a compact orbifold that is sufficiently good at infinity. 

Theorem 4.4. Let X, W, D i7 Df , Df , Ei, E i} i = 1,2 be as in Definition 4-1- Let Qi be a semi-local 
parametrix for Df , i = 1,2, on W such that Qi = Q 2 in a neighborhood of infinity; write 

D+Q, = Id- T t , and Q,D+ =Id-T(,i= 1, 2, 

with Ti and T[ the associated semi-local smoothing operators. Then the local trace functions of Kawasaki 
associated to T\ and T2 (and T[ and T' 2 ) coincide at infinity, and the topological index ind t (Df , D^ ) of the 
pair (Df , Df)) is given by, 

ind(D+) = 

Proof. This theorem follows directly from Theorem 4.2. Indeed, if we denote by fl the neighborhood of 
infinity on where D\ and D2 coincide, we can cap off X along an orbifold O in fl. Consider a parametrix Qq 
for the extension Di = D2 on fi. Now splice Qo onto Qi and Q2, via a smooth function / which is outside 
ft, 1 on a neighborhood of infinity, and whose gradient is bounded by 1 in norm. For the rest of the proof 
we can proceed exactly as in [GL; Proof of Proposition 4.6]. Note that we need to use Kawasaki's local trace 
formulas. □ 



/ (dfir, - di4^j - I (d/Jf, - dfj,^ 
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Remark 4.5. The topological index of the pair, ind t (D^ , D^), is independent of the extension. 

5. The Analytical Index: Computations. 

We will now detail some local properties of the trace of a generalized Dirac operator D, thus extending 
to orbifolds some results of Gromov and Lawson, see [GL] . Assume that there exists a constant ko > such 
that 

1Z > k n Id on ft, 

with n = X — K as before. Because of Theorem 2.8, our assumption implies 

(5.1) \\Do-\\ x > c\\a\\ x , Vcr e C™(X,S) such that supp(a) n K = 

Our goal in this section is to explicitly compute the index trace of D in terms of local data, by using 
techniques of Gromov and Lawson and Anghel, see [GL], [An2]. This will enable us to prove, in Section 6, 
the relative index theorem by localization. Also, for simplicity's sake, in this section we will take E = C. So 
D will be defined on sections of the Spin bundle S. Start with a parametrix Q of D on X. Then 

DQ = Id- R, and Q D = Id- R' , on X, 

where R and R' are not necessarily trace class (as instead happens in the closed orbifold case). We will 
now replace Qo, outside a compact set K , with a Green operator associated to a suitable extension of D. 
Specifically, set fi = X — K 0} with fl a domain with smooth boundary included in 0. Let Dq be the 
graph closure of the restriction of D to C^°(flo,S) in £ 2 (X, S). Let P^„ denote the orthogonal projection 
from C 2 (X,S) to 

H Qo = {ve C 2 (n ,S)\D\n (cr\n ) = distributionally } 
Note that, by (5.1), Hq is a closed subspace of £ 2 (X,S). 

Theorem 5.1. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Let D, S, 
Dq , Pn , be as above. Then the following two equations 

(5.2) Ai„Gfio = Id-Pn onC 2 (X,S) 



(5.3) 



Gq Dqo = Id on the minimal domain of Dq 
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define a bounded operator Gn ■' £ 2 (X,S) — ► £ 2 (A", <S), ifte Green operator of Dq . 

Proof. Equation (5.1) shows that Dq is 1:1 and has closed range, call it ran(£>n ). Hence £ 2 (X,S) 
decomposes orthogonally as 

£ 2 (X,S) = H no @ ran(£) no ). 

Thus Gfi can be defined to be zero on Hq and D^ 1 on ran(Do ). Gq is bounded because of (5.1). □ 
Since Hq is a closed subspace of C 2 {X, S), we can define the orthogonal projection on Hq Bergman kernel 
operator 

V H {x,y) = ^o- m {x)®cr* m (y), \/x,y, e fi , 

m 

where {cr m }, m e N, is an orthonormal basis of Hq . 

Theorem 5.2. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Let D, S, 
Dq , Pq , be as above. Then the following Bergman kernel 

V H {x,y) = ^2a m (x) ®a* m {y), Vx,y,e tt 

m 

of the projection operator Pq converges ( on lifts of local charts; see the proof for details ) uniformly in the 
norm C k on compact subsets, k £ N. 

Proof. (In this proof ~ means lifted to the local orbifold charts.) Because X is sufficiently good at infinity, 
we can assume that there exists a smooth exhaustion function F on X, such that fio = F{to) = {x E 
X\F(x) > t }. To show the convergence of the Bergman kernel Vh wc proceed in the following way. First 
of all, set Bn = X)m=i a m(%) ® °~m(y)- Obviously E>n is a finite rank operator in C 2 {X, S). Now, for any 
4> € C 2 (X,S), Bn(<P) — > B (</>). In particular Bn{4>) — > B((f>) in V (as distributions). By using local charts, 
Bn — > B weakly in CG u (Py-,'D'~) for any two points x, y of an orbifold chart (U,Gu) projecting to x and 
y respectively. (By using a partition of unity, the convergence of distributions is a local property; use a 
standard orbifold atlas.) Also, for simplicity's sake, we have taken x and y to be in the same orbifold chart. 
Now, Pq , which in this proof we will call P, is a bounded operator on C 2 (X, <S), and so is also continuous as 
an operator T> — > V . Hence P has a G^-invariant distributional kernel p(x, y) in the sense of Schwartz, c.f. 
[Schwl], [Scw2], [Atl]. By the Schwartz kernel theorem, Bn — > Vh locally as a Gy-invariant distribution 
on U x U. (This follows as in the manifold case, see [Atl; pg. 51].) So 

V H {x,y) = o m (x) ® a* m (y) 

rn — 1 
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G[/-invariantly, on local charts. Now note that Vh and satisfy the elliptic equation D 2 = 0. Therefore 
by applying Lemma 3.1 locally, we have the required uniform convergence. □ 

The kernel Vh has the strong finiteness property proved below. Let F : X — > R + be a smooth 
exhaustion function as above. In particular we assume that Oo = F^ 1 (to, +oo), K = F _1 [0,to]. Let 
X(t) = {x e X\F(x) > t}; then fl = X(t ). We have, c.f. [GL; Lemma 4.20] for the manifold case, 

Theorem 5.3. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Let D, S , 
F>n , Pn a , Vh{x, x) be as above. Then for any t > to, 

/ V H (x, x) < +oo 
Jx(t) 

Proof. Fixed t > t n (t near to), choose s so that t < s < t, and consider the compact "annulus" 
A =closureLY(s) — X(t)]. Since Vh{x,x) converges uniformly in the C k , k e N norm, on compact sub- 
sets, we can assume that it converges in the Sobolev norm on A, that is, 

(5.4) y~] ||a>n||i,A < +oo. 

We now claim that there exists a constant c so that, for each a e Hq , 

(5-5) ll CT m||l,x(t) ^ C ll CT lll,A- 

To do so, choose a cut-off function / e C°°(Oo) such that < / < 1, / = 1 on X(t), and / = on fl — X(s). 
Clearly there exists a c G R + such that ||V/||x < c o- Applying the local identity 

V(/<t) = V(/)<7 + fVa 

and D 2 = V*V + 1Z, we have, for every a € Hq , 

= (D 2 no a,f 2 a) = ((V*V + TZ)a,fa) 

= (W*Wa,f 2 a) + (1Za,f 2 a) 
= (Vay(f 2 a)) + (Ua,f 2 a) 
= (Va, 2/(V/)a) + (Va, / 2 (Va)) + (TZa, fa) 
= 2(/Va, (V/)a) + (./Va, /(Va)) + (TZa, fa). 
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Since < TZa, a >> k < a, a > in ft , we have 

l|Va||| (t) +fc |k||| (t) 
< 2|(/V<7, (Vj»| < 2 Co ||V<7|m|a|U < MW^Wl + Ma)- 

Then 

IMIi,x(t) < c o(l + -r-)lkll?,A- 
We thus proved our claim (5.5). Now the Lemma is proved by combining (5.4) and (5.5). □ 

6. The Relative Index Theorem. 

We will prove here that the analytical index of a pair of generalized Dirac operators that agree at infinity 
is equal to its analytical index, thus generalizing to orbifolds the main theorem of Gromov and Lawson in 
[GL]. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Assume that there 
exists a constant k > such that 

K > k Id onO, K = X - ft, 

with ft a domain with smooth boundary, and 1Z as in Proposition 2.7. Let Dj and Df be the generalized 
Dirac operators on X with coefficients in the Hcrmitian orbibundlc Ei (with connection Vf), i = 1,2. 
Suppose that D\ = D 2 in a neighborhood ft of infinity. Let Gi, i = 1, 2 be the Green operator associated to 
, i = 1,2, see Theorem 3.5. In particular, Df and Gi, satisfy the following equations, 

D+G t =Id-Pr, and G l D+ = Id-P+, i= 1, 2, 

where Pf~ : C 2 (X, S) — > C 2 (X, S) is the projection onto the finite dimensional space kerDf. On ft, D\ = 
Restrict Gi to ft by defining Gi — xGiXi i — L 2, where \ 1S the characteristic function of ft. The difference 
Gi — G\ satisfies 

D+(G 2 -G 1 ) = Pr-P 2 -, 

where D\ = D 2 = D on ft, and = x^txi i = 1,2, is a finite range operator. This implies, as in [GL], 
that the range of (G 2 — Gf) is nearly contained in the kernel Hq of D + on ft, notation as in Proposition 
2.7. In other words, let V be kcr(P 2 + — P^)- Then V is a subspacc of finite codimension in £ 2 (X,S + ), and 

(&2-&i)VC kcr(L>+) 
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Theorem 6.1. (.f. [GL; Lemma ^. 28] for the manifold case.)Let X, D i} Gi, Gi, i = 1,2, be as above. Then 
the local trace density function of (G2 — Gi) is integrable at infinity. 

Proof. Recall that ft = X — K, with K compact. Choose Q' = X — L, with L compact such that K Cint(L). 
By Theorem 5.3, if Pq denotes the orthogonal projection onto the kernel Hq of D + on ft, and Vn is its 
associated trace density, then 

/ Vn(x)dv < +00. 
Jn> 

Set Z=(G 2 -G 1 ). Then 

rangc(Z) C H n + F, 

where F is a finite-dimensional subspace of C? (X, S~), by the discussion preceding the statement of Theorem 
6.1. Let {er m }, to e N, be an orthonormal basis of + F, such that {er m }, to = N, N + 1, ... , is an 
orthonormal basis of Hq. Then the Schwartzian kernel of Z can be written as 

K Z {x,y) =y^g m (x) <g> (Z*a m )(y), Vx, y, G O, 

m 

where Z* denotes the adjoint of Z. The local trace function Vz of Z satisfies 

\V z (x)\ < ]T | < a rn(x), (Z*a m )(x) > |, Vx e fi. 

m 

Let Z' = x'^x'i with \' the characteristic function of fi', denote the restriction of Z to £1'; note that 
\\Z'\\ < \\Z\\. Then 

/ \V z (x)\ < V / I < Za m (x), a m {x) > \ dx 
Jn> m Jsv 

< ^ \\ Zcr m\\n> \\<7m\\n' 

m 

m 

< iizii£iikoi& 

m 

< II^II^ElK^lln'+^l^l) <+xl D 

We are now in a position to state and prove our relative index theorem. 

Theorem 6.2. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Let D i7 Df 
be the generalized Dirac operators on X with coefficients in the Hermitian orbibundle (with connection 
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Vf), i — 1,2. Suppose that Di = D 2 in a neighborhood ft of infinity with smooth boundary. Assume that 
there exists a constant k > such that 

1Z > ko Id on fl. 

where 1Z is given as in Section 5. Then the topological index (as in Definition 4-1) and the analytical index 
(as in Definition 3.6) of the pair (D^,D 2 ) coincide, that is 

ind t {D+,D+)=ind a {D+,D+) 

The proof of Theorem 6.2 will occupy the rest of this section. 
Proof, (c.f. [GL; Proof of Theorem 4-18]) We will now construct parametrices Qj forD+, j = 1, 2, by cutting 
off the Green operators Gi, i = 1,2 of Theorem 3.5 in a neighborhood of the diagonal. (Notation as at the 
beginning of this section.) Choose tjj e C°°{X x X) with support in a small neighborhood of the diagonal, 
so that < -0 < 1 an d ip = I near the diagonal. Note that tp can in particular be lifted, one variable at the 
time, to a G;y-invariant function in ip in C°°{U x U), for any local orbifold chart (U, Gu)- Let Ri, i = 1, 2, 
be the operator whose Schwartzian kernel is locally given by 

K\Z,y) = i>K G *{x,y) 

The operator Ri, i = 1, 2, is a semi-local parametrix for Df with 

D+Ri = Id- S7 , RiDf = Id-S+, i = l 7 2. 

As Ri = Gi near the diagonal, the local traces associated to S i , i — 1, 2, satisfy 

t s t=t i+ , t s >=f-, 

where t 2± is the trace associated to Pi : C 2 (X,S) — > C 2 (X,S), the projection onto the finite dimensional 
space ker£)^" and kerZ)r= cokerD^ , i = 1, 2. From Theorem 4.4, to compute the topological index we need 
a pair of semi-local parametrics that agree in a neighborhood of infinity. We will do this by splicing R 2 
onto i?i in ft as follows. Let k e N, be a sequence of functions as in Proposition 2.4. We assume that, 
for k sufficiently large, bk = 1 on K. Moreover, since supp(fefc) C B 2 k, we can assume that b^ = in a 
neighborhood of infinity. We claim that each bk can be approximated by a smooth function fk such that 
fk = 1 on if, supp(/fe) C B 2 k- This claim is proven in the following way. Supp(6^,) can be covered by the 
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union of finitely many orbifold charts, say Uj with Uj/Gj = Uj, j = 1, . . . , I. If bk, s is the lift of a smooth 
approximation of bk on U s , obtained G s -invariantly, then fk = ^2 s Vsbk,s is a smooth approximation of bk, 
k G N. Now define a sequence of semi-local parametrices R 2 ,k for D% by 

R 2 ,k = fkR 2 + (1 — fk)R\ 

(recall that on 0, = D% ■) Moreover, 

D+R 2 , k =Id- S 2 - fc , i? 2 ,fe^ 2 + = /d - S+ fe , 



with 



s 2 - fe = as 2 - + (i - fk)sr + v(/ fe )(i? 2 - jzi) 



(6-1) S£ fc = / fc S+ + (1 - / fc )S+ 

where , i = 1,2, satisfy 

£>+i?i = Id - Si, RiD+ =Id- 5+, 
D+R 2 = Id- Sz , R 2 D+ =Id-S£. 
Now by Theorem 4.4 applied to the pair of parametrices R 2 .k,Ri, we get, 

ind t (D+,D+) = J s (dfi s '.h - d/i s »~*) - ^ (rf^ 5l+ - d/i Sl ") • 

By (6.1) this latter expression is equal to 

= / f k Un s * - d^ - d^ + d/j, s i) - f d/j7 f ^ R2 - Rl ^ 
Jtx ^ ' J±n 

= [ fk (d^ + - d^~ - d^ + d^~) - [ d^ fk(R2 - Rl \ 

J±X ^ ' J±Q 

where P^°, is the projection onto the kernel of Df, i = 1,2. Now the Schwartz kernel of Zk = V/fc(i?2 — Ri) 
on a local chart is 

K z Hx,y) = Vf k K R *- R *(x,y). 
Near the diagonal, Ri = Gi, i = 1, 2, and so 

|d/x z *(aO| < ||V/ fe || \dn z (x)\, 
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where Z = G 2 — Gi as above. By integrating on Efi, since supp(V/fc) C Q, we have 

< / ||V/ fc |||A' fla - Jil |= / HV/ fc |||i^|. 
Since \K Z \ < +00 by Lemma 5.3, our result follows if we show that 

supqH V,ffc|| -> as k — > +00. 

To show this latter claim, we will show that s«pn||V/fe|| < ^ for fc e N. For, the compact subset supp(6fc) 
can be covered by finitely many orbifold charts. On each of these charts, we can assume that we have 
an approximation with sup||V/fe|| < k £ N, because we first approximate on its lift, and then average 
over the chart group. Each function (and each function's gradient) in the average will have the same sup. 
Moreover, on the lift of each chart we can assume that the gradient of the distance function is bounded by 
except on a (singular) set of zero measure and codimcnsion at least 2. Hence by possibly performing a 
cutting and limiting procedure around the singular locus, a smooth approximation with the required bound 
can be found. □ 
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